Abstract. Rotational rainbow YNC~UXS in atom/electmn-molecule a l t e r i n g are analysed by means of simple dpamiml approximations as hard-shell molecules, the infinite order sudden (10s) appmximation and the Ncentre speclator model. Bid collision systems described are atom-molecule scattering for collision energies of lo-' eV and electron-molecule scattering at IO2 eV The 10s and spectator mtalional rainbwv pattems are compared and special features related to initially excited molecules, mchanging mllisions, multiple rainbows. and inversion techniques are discussed. n e rotational rainbow pattems for plyatomic molecules (symmetric tops) are discussed as well BF vibrational effects in the rotational rainbow stmetum of diatomics.
Introduction
Rotational transitions in scattering of anisotropic, non-spherical systems are of interest in many branches of physics, ranging from nuclear to astrophysics. Here we will discuss molecular collisions as a prototype, as for instance the collision of an atom or electron A with a diatomic molecule BC. During the last two decades it has been realized that the longstanding folklore of 'small rotational transitions in a single encounter' was wrong. In an increasing number of cases very large rotational momentum changes are observed and quite often these processes occur with high probability.
In addition a fundamentally new scattering phenomenon was found, which had not been anticipated before, namely the so-called rotational rainbows. These effects are named 'rainbows' because of their close analogy to the rainbows appearing in scattering for isotropic potentials. It should he stressed, however, that these potential scattering rainbows are due to attractive wells (Or at least points of inflection [l]) in the radial potential, whereas the rotational rainbows are a consequence of the anisotropy of the potential. For a more general discussion of rainbow catastrophes in atomic and molecular collisions see, e.g., [Z, 31. Rotational rainbows are prominent features in the rotationally inelastic differential cross sections. As typical examples from nuclear and molecular scattering figures [1] [2] [3] show the transition probabilities from the rotational ground state at a k e d scattering angle IJ in the centre-of-mass frame. Figure 1 has been obtained for Coulomb excitation of a3aU colliding with "Kr at an energy of 300 MeV [4] , figure 2 for He-Na, collisions at 100 meV [5] , and figure 3 for electron-Na, at an impact energy of 300 eV [6] . Apart from subtle differences the three distributions appear to he quite similar: the quantum distributions show a pronounced maximum (the 'rotational rainbow') at a slightly smaller wlue of the rotational quantum number than the singularity of the classical distributions, which iS also shown in figures 2 and 3. On the classically allowed side of the rainbow quantum oscillations appear, the so-called rotational rainbow oscillations. It should be noted that in all cases only even transitions are allowed because of the symmetry of the targets. More about rotational rainbows in heay, ion collisions can be found in the original articles [4, and in the more recent review on inelastic nuclear scattering by hndowne and Wtturi (101. Rotational rainbows in atom-molecule collisions have been extensively studied since their first appearance in the literature (some early examples are the impulsive spectator model studied by one of the authors [ll] , the classical trajectory compuBosanac [16] ). Rotational rainbows have been observed experimentally for many systems in state-to-state differential cross sections (see, e.g., the overviews by Beck
[U], Faubel [17] , Tbennies [NI, Buck [19] ). As an example figure 4 shows mea- ALSO shown is the classical probability density (full curve). (Adapted f" [6] .)
due to the extreme anisotropy of the interaction, which on the other hand makes a treatment within the framework of the 10s approximation impossible. A wry satisfactory description is, however, given by the impulsive spectator model (also called N-centre scattering model), which is discussed in section 2.1.2. Rotational rainbow structures have also been observed in molecule-surface scattering [29-311 in photodissociation [32-351, as well as in dissociative ion-molecule processes p6j and they appear to be quite common phenomena.
In the present article we will discuss the theoretical description of rotational rainbow structures in direct atom/electron-molecule collisions under sudden conditions. We emphasize simple dynamical approximations, like the 10s approximation, hardshell molecules and the N-centre spectator model, which are sometimes amazingly 
Rotational rainbows for diatomic molecules
In this section we will discuss the rotational rainbows for by far the mmt extensively studied case, namely the mllision of a particle, e.g. an atom or an electron. with a diatomic molecule or, somewhat more general, a linear molecule like CO,. In the following it is assumed in addition that the molecule is rigid, i.e. it can only rotate in space as a whole and does not possess internal degrees of freedom. Vibrational internal motion, vibrationally inelastic transitions and the induced modification of the cross sections for rotational transitions are discussed in section 4.
Needless to note that we do not consider in any detail the electronic degrees of freedom, ie. the collision process is entirely described by an anisotropic potential V ( R, y) depending on the distance, R, between the particle and the molecular centre-of-mass and the angle, 7, between R and the molecular axis. In many applications the potential is expanded in terms of Legendre polynomials
We are furthermore interested here in systems with strong rotational coupling. In particular we assume sudden conditions (short collision time) and almost energetically elastic collisions (energy transfer small compared to the kinetic collision energy). In the main part of this section we also restrict ourselves to purely repulsive or attractive interactions and symmetric moiecuies, as for instance nomonuciear diaromics. Some remarks on the modifications of rotational rainbow structures for interaction potentials with both attraction and repulsion as well as for heteronuclear molecules can he found in section 24, the effects of multiple collisions are addressed in section 24.3.
One of the most simple models for investigating rotationally inelastic transitions is the scattering from a rotationally symmetric rigid shell described by a curve R ( y ) , for example a hard ellipsoid. In classical mechanics such rigid shell scattering has been quite extensively studied [37-421, for quantum results see [48] [49] [50] .
The model allows a very helpful insight into the basic mechanism underlying the formation of rotational rainbows: conservation of linear and angular momentum directly leads to the simple, however very useful, equation for the change of the molecular rotational momentum J (throughout this paper classical angular momenta are divided by h and therefore dimensionless and instead of the linear momentum, p = m, we use the wavenumber k = p / h ) A J = R x A k = A k R x n ( R ) .
(2)
Here R denotes the point of contact on the rigid shell, n is the normal unit vector at this point and the momentum transfer is under energetically sudden conditions 1k1 = IC given by
...Anra w t c i a r I h the ~i~t t e i k i g ai@.
transfer (2) depends on the orientation of the molecular axis and can vary between zero and a maximum accessible value. In a good approximation the maximum final rotational momentum (assuming an initially non-rotating molecule) at a scattering angle I9 is given by
where j is the overall maximum of the rotational momentum transfer, which is found for backward scattering. For the case of a hard ellipsoid with long half-axis a and small half-axis b one obtains approximately 1511
which is proportional to the collision velocity and to the anisotropy of the interaction. The rigid shell model can be used for straigtforward numerically exact classical computations. The Same can be done for classical scattering from non-rigid potentials, it is however, much less efficient because of the need to solve the equations of motion instead of tracing straight line trajectories. The classical and semiclassical excitation probabilities for "Kr + 23aU collisions at 385 MeV are given in figure 5 [9, 101. Similar results have been obtained for molecular systems at about the same time, as shown in figure 6 for He-Na, collisions at 100 meV [52], where exact classical trajectory computations are compared with approximate ones (classical 10s approximation as discussed below). In quantum mechanics a full numerical solution is, in most cases, beyond the present computational feasibility because of the large number of channels. Therefore one has to rely on approximations. For weak coupling, perturbative methods such as the distorted wave approximation can be used. In the strong coupling regime one can try to develop approximations which simplify the dynamics of the system drastically. ' h o of these dynamical approximations are discussed in the following.
Dynamical approximations

Infinite-order sudden approximation (10s).
One of the most successful dynamical approximations for mtationally inelastic transitions in the strong coupling regime is the so-called infinite-order sudden (10s) approximation [53], which achieves a mmplete decoupling of the translational and rotational degrees of motion. The 10s approximation is based on two assumptions: the energy sudden approximation (= no energy transfer) and the centrifugal sudden approximation (an effective orbital angular momentum is conserved during the collision). The last assumption is typically the most important one, the first one can be weakened or omitted, leading to a variety of so-called 'coupled-state' approximations. Clearly the centrifugal sudden approximation assumes that the anisotropy of the potential is only small (note that this does not imply weak rotational transitions). For a recent discussion of the validity of the sudden conditions see Nakamura with a transition amplitude given by
The potential enters only via the phases 6 t ( y ) , which are precisely the elastic scattering phase shifts for potentiai scattering from a potentiai V(R,yj, where the orientation angle y is treated as a fixed parameter. Note that the 10s approximation averages over contributions from all orientations of the molecule. Note also that the upper limit of the integration, r / 2 , can be chosen because of the symmetry of the potential, V ( R , ?r -y ) = V ( R , y ) . Hence (6) is only valid for even j . 'Itansitions to odd j-values are forbidden. In (6) and ( In many cases a semiclassical version of the 10s approximation 15, 241 has been found to be very helpful for analysing the various features of the cross sections, simplifying numerical computations and, last but not least, for developing inversion methods (see section 25). The most staightfolward derivation of the semiclassical Same steps as in the semiclassical analysls of elastic potential scattering, i.e. sums are converted to integrals hy means of the Poisson summation formula, the integrand is approximated semiclassically (WKB phase shifts, asymptotic expressions for the Legendre polynomials), the integrals are evaluated by means of the stationaly phase approximation and finally the singularities are tamed by uniformization. !OS Ippr!xLE!ztin!! stllrts from the. p a n t y cn,I?at$ns above fn!!nwing essentia!!y the 
is the classical collision action along the trajectory and a( L , y) is the WKB expression for the phase shift ~5~( y ) .
When the interference term in (10) is omitted the classical cross section is obtained which can also be derived from a purely classical version of the 10s approximation [52].
The classical and the primitive semiclassical cross sections diverge at the classical rotational rainbow, which appears at the critical points of the dynamical mapping The region outside the rainbow curve is classically forbidden. Pansitions into this region can be described semiclassically by a complex-valued extension of classical dynamics. In addition a uniform semiclassical approximation [5] avoids the rainbow singularity and typically agrees very well with quantum results.
The most prominent feature of the rotationally inelastic cross sections is the first rotational rainbow maximum, which is shifted from the classical rainbow singularity into the classically allowed region. More of these rotational rainbow oscillations (iii) In particular the distance between the rainbow position and the first maximum satisfies
(note the difference between this d u e and the result (28) from the spectator model).
The 10s approximation is based on the assumption of a weak or modest anisotropy of the interaction potential. TLpical values of the anisotropy, e.g., the relative differ-= gge orientations, are found to be about 0.2. Under such weak anisotropy muditions the 10s approximation can be furthermore simplified by separation of the cross sections into a j-independent part-the total differential cross section-times a probability for The classical version of the 10s approximation has been used to test the validity of the dynamical approximation scheme in comparison with exact classical trajectory computations [52, 611. The reported good agreement (an example is shown in figure 6) was accompanied by the observation of characteristic structural deviations: the square mot rainbow singularity is changed into a logarithmic singularity plus a step at the boundary of the allowed region. In addition a less pronounced second logarithmic singularity appears for small values of j . These findings are in accord with purely theoretical considerations [40] and are also observable in heavy ion scattering (compare figure 5).
Spectator model. The spectator model is based on the usual assumptions of the impulse approximation.
(i) The collision is sudden (impulsive), Le. the interaction time between the incoming particle and the target is short compared to lypical vibrational or rotational periods of the target.
(ii) The interaction potential is approximated by a superposition of pair potentials.
(iii) The scattering amplitude is approximated by a superposition of scattering amplitudes of the target constituents. Multiple collisions and screening effects are neglected.
More details of the impulse approximation are given in the recent reviews where d is the distance of the two atoms from the centre of mass, i.e. half of the equilibrium distance T, and A6 = k' -k the momentum transfer which is given under energetically sudden conditions Ik'l GZ lkl = k by (3). The angle between the position vector d, of one of the molecular atoms and Ak is denoted by B.
In the following we spec@ transitions from the rotational ground state and drop the prime of the final rotational quantum number. For initially excited states we refer to section 22
Choosing the quantization axis in the direction of Ak (kinematic apse) the form factor takes the simple form Fjmoo = 6,0F;000
with Fjoao = 2 S 1 m i j j j ( A ) In the spectator model of homonuclear diatomics the transition probabilities are given
2 ( 2 j + l ) j j ( A ) j even
In figure 3 the results of spectator model (25) are compared with the results of close coupling computations. The classical rotational rainbow, which is also plotted in figure 3, is given by with J = j + $. The maximum final rotational momentum is given hy (4) with the overall maximum in the spectator model, j = rk. The classical distribution shows the well known square mt divergence at the classical rainbow. On the classically allowed side of the rainbow the quantum results oscillate around the classical curve and show a pronounced maximum just below the classical singularity. An exponential decrease in the spectator results is observable for increasing J on the classical forbidden side. The quantum mechanical behaviour is well understood by a semiclassical approximation to (25). hrthermore the classical limit leads to the probability (26) with A = JR and A, := A ( x ) = j , where a factor two appears automatically as a result of the selection rule A j = even. Note the following useful rules.
(i) The value of the cross sections at the classical rainbow is about 44% of the value at the first maximum.
(ii) The position of the ith maximum is given by [5, 55, 561
where the Ei are the negative positions of the extrema of the Airy function, i.e. 
which value is noticably different from the corresponding 10s result (15). Figure 9 shows transition probabilities, P ( j + Ol29), calculated by the spectator model as a function of the final j and the scattering angle, 29, for a fixed maximal value of A by A,,, c 25. The three-dimensional plot in figure 9 (a), which is a representation similar to figure 3, is shown as a contour plot in figure 9 (b). The classical rainbow (26) is also shown for comparison in figure 9 (b). The transition probabilities from the spectator model form a chain of maxima along the classical rainbow. The height of these decreases for increasing scattering angle. The selection where the 10s anisotropic phase shift 26,(y) is replaced by the phase difference A cosy = rkcos y sin 29/2 due to the shift of the scattering centres from the centre of mass.
Despite the overall similarity one should be aware of important differences. First, the 10s approximation assumes small anisotropy and the resulting overall differential cross section da/dCl is the differential cross section for scattering from the molecule as a whole, whereas in the spectator model an extremely anisotropic dumbbell molecule is considered and da/dCl is the cross section for elastic scattering from one of the molecular atoms.
The skeleton of the rotational rainbow structure is the same. In both cases we find a JR = j sin 9 / 2 angular dependence of the classical rainbow singularity, where j is proportional to k, and the same 44% ratio between the height of the first rainbow maximum and the quantum cross section at the classical rainbow. The positions of the rotational rainbow maxima are, however, markedly different, as seen from (14) and (27). In particular the ratios for the first rainbow maximum specified in (15) and (28) differ by a factor of 1.6. Another difference manifests itself in the lowj behaviour, where the spectator model leads to a vanishing transition probability P ( J + 0129) -J in the classical limit (compare (26) ) and the 10s cross section remains finite, showing typically a behaviour like
with a constant c. This is also visible in the oscillatory quantum rainbow patterns shown in figures 2 and 3, where the electron-molecule cross sections decay much faster towards smaller values of j. This difference in the low-J behaviour leads to different singularity structures for the classical cross sections for initially rotating molecules as discussed in the following section.
These differences can be easily used to.distingukh between an 10s or spectator type of collision for any observed rotational probability distribution. 
An additional logarithmic singularity may appear at J' = J if the P,(J + Old) probability is finite at J = 0. This is the case for 10s cross sections, but not for the spectator model, so that there is no such singularity in the latter case.
In figure 10 In the allowed region the distribution shows typical rainbow oscillations.
For initially excited diatomics in the 10s the factorization formula (35) produces a similar distribution as the one shown in figure 10 . The main difference is the existence of an additional maximum ridge at J' = J in the quantum-mechanical rainbow patterns. Because the classical 10s probabilities in ( 
m-changing collisions
Though in this review we focus on rotational rainbow effects in state-to-state j -+ j ' cross sections it will be profitable to include a short discussion about the much more at the beginning that under these conditions nothing new can be learned from an observation of the detailed transitions between the m sublevels for a given system. for transitions out of the ground state, where the conditional probability for a final m = -j , . . . , + j is given by where P;" is an associated Legendre polynomial and a is the angle between Ak and the scattering axis, which is related to the scattering angle 19 by which reduces to sin a c cos 29 /2 for k' w k. The factorization (38), (39) is a consequence of the orthogonality of J and Ak (the 'kinematic apse'), which leads to the selection rule 'Am = 0' with respect to the kinematic apse, and the statistical distribution of the initial molecular orientation, yielding a uniform distribution of the Projection onto the scattering axis leads to a classical probability distribution Note, that the classical and quantum spectator probabilities, P j , , do not depend on the energy.
The overall structure of the transition probabilites for mchanging collisions is ve'y similar to the rotational rainbow pattern for 0 -t j transitions. In fact, one can also talk about Am rainbows, which is additionally supported by the square mot singularity appearing at the boundary of the classically allowed region at MmU. For a discussion of the manifestation of this A m rainbow in the integral moss sections for O,O+j,m transitions see [a] .
Let us finally proceed to m-changing collisions for initialiy rotationally excited molecules, where we have to understand the detailed differential cross sections for j, m -j ' , m' transitions. First an equivalent of (32) 
eV (0). Also s h w n are dassical statistical mulls (41)) (---). (Adapted h m
I7914
with weights 'herefore using (38) and (39) all detailed j m --* j " ' cross sections can he constructed when the degeneracy-averaged ones, d a ( j " + O)/dn, are known. Contrary to the case of the degeneracy-averaged rotational factorization (39, 
Multiple rainbows
111 "le yre*,urw arra,ysw a "=By r,rrryrurru yrrrur= U, U1G IuIp"uIIa.I ,au,vUw 3L,"L,"'cI was presented, due to the topological and dynamical simplifications of the collision systems. Additional rainbows and hence more complex structures in the cross sections appear for instance. for asymmetric molecules, systems with strong anisotropy, interaction potentials with potential wells or for a more complex dynamics. In the following these situations will be treated separately, though one should be aware of 
pattern.
Furthermore it is worthwhile noting that multiple rainbows can be produced by different mechanisms as, for instance., by excited initial states of the molecule (see V(y) is not valid for heteronuclear molecules. This is by far the simplest (and best studied) case leading to multiple rotational rainbows. A particularly simple situation occurs for isotopic substituents, where the interaction possesses a symmetry centre, which is, however, shifted from the molecular centre of mass.
For any asymmetric potential the classical rotational rainbow conditions need not he the same on both sides of the molecule and we have two classical rainbows at JR1 and JRz, and both of them show the characteristic JRi(ff) = j i sin f f / 2 dependence on the scattering angle ff. Without loss of generality we can assume JR1 < JRz and we note that for heteronuclear molecules the outer rainbow, JR2, typically stems from collisions with the lighter molecular atom, simply because of its longer lever arm. These double rainbow effects can be quite dramatic, as demonstrated in figures 13 and 14 by 10s results for two model systems, namely K-CO collision at 1.24 ev 9 = 150' [Sj and Na'-CO at 27 e\! 0 = 380 p j (see also the application to He-CO, He-HF
[a] and AI -HF [a] ). The 10s approximation for asymmetric molecules is most easily based on equations (6) and (7), where the integral s:' 2 dy is replaced by is," dy. This is used in most applications. It should be noted, however, that it may result in systematic phase deviations of the rotational rainbow oscillations, in particular for odd A j transitions (see the detailed discussion by Khare el nl [ S I , where a more refined version of the 10s approximation involving half-integral Legendre functions can also be found). The interference pattern decorating the double rainbow structure can be easily explained semiclassically [5] (compare section 2.1.1) by observing that on the bright side of the inner rainbow, for 0 < j < JRl -i, we have a 'four ray' interference because of the (-1)j factor in (45).
(ii) A similar oscillatory pattern can be found in the ratio of all odd to all even transitions [I%, figure 41 which has recently been derived in closed form [6, equation (37) ] and can be written in a good approximation as
With increasing values of the asymmetty 6 this ratio rises quadratically from zero, it reaches unity (equal probabitity for odd and even transitions) for 6Ak = K / Z (note that this can happen at quite a small d u e of 6 for higher energies) and decays in an oscillatory manner towards unity in the h i t of large asymmetries. It is interesting to observe that 6A k is exactly equal to the difference of the double rainbows I JRz -JR1 I in the spectator model, which is much larger than ~/ 2 in the 10s examples shown in figures 13 and 14. The destructive interference for odd transitions is restricted to the region below the inner rainbow which is clear from the discussion above.
(ii) The effec!s of a displacement between the centre of symmetry and the centre of mass have been investigated for classical hard-shell scattering [37, 41, 46, 881 and several useful closed form results have been derived in agreement with the features discussed earlier.
(iv) It is particularly interesting to note that the asymmetry effects manifesting in the rotational rainbows are sensitive enough to resolve isotopic substitutions, which has been demonstrated for K-Cl60 and K -P O at 1.24 eV both experimentally and theoretically [37, 601. (v) The interference effect leading to cdd-even oscillations in the &tal j population for asymmetric target molecules has been experimentally resolved and theoreti- 24.3. Dynamical effects. Dynamical effects can also change the rotational rainbow structure qualitatively leading to the appearance of multiple rotational rainbows. Basically we can distinguish between two dynamical effects: First, the collision dynamics is treated in an approximate manner (sudden, IOS, hard shell or spectator model) which reduces the full dynamics considerably, leading to a qualitative change of the cross sections by generating artificial degeneracies. In a full treatment of the dynamics these degeneracies are removed and the rainbow singularites in the reduced dynamics are structurally changed. It has been shown [a]
that the classical 10s rainbow square rmt singularities are changed into a b i t e step at the maximum accessible value of A J and a logarithmic singularity at a lower value of the rotational momentum transfer. A second logarithmic singularity appears at low have been confirmed by numerical studies (see, for instance, the classical trajectory results shown in figures 5 and 6).
A second dynamical origin of multiple rainbow structures lies in the Occurrence of multiple mllisions. In the earlier simplied treatment such multiple impacts have been neglected. They are, however, important if (i) the potential shape allows a second collision with the target (see the shape effects mentioned above); or (ii) the collision time h comparable with the molecular rotational period, which is, in particular, important when the energy transfer is not negligible and the escaping projectile h slow. The rotor will typically absorb a large rotational momentum in the first impact and in a subsequent second collision some of this momentum is transferred back to the projectile. As a result the differential state-to-state cross sections show a double rainbow structure, where the first impact produces a rotational rainbow at hrge values of j, accompanied by a second one at smaller j . For a discussion of multiple collision rainbows see [43, [93] [94] [95] .
Invemion techniques
ential and state resolved ones, provide information about the anisotropic intermolecular interaction V ( R , y ) . The inversion techniques try to extract this information from a given set of data. It should be obvious from the discussion of the rotational rainbow features above that in extreme cases, as for instance in electron-Na, collisions at collision energies of about 102 ev only little information can be extracted from the rotational probability distributions at fixed scattering angle. The only molecular parameter which enters the expressions derived from the spectator model is in fact the equilibrium distance, which is known. The situation is different for the atom-molecule collisions under 10s conditions. Here the anisotropy is a property of the whole potential surface, which cannot be unambiguously measured in terms of a single mriable. Various methods are hown for extracting an anisotropic potential from the measured moss sections.
(i) The hard shelf inversion [44, 47, 96, 971 h based on the hard-shell model for rotational excitation (compare the introduction of this section). Amriety of numerical methods has been suggested, which differ in details. '&pically it is assumed first that the observed rotationally inelastic cross sections are due to a rigid shell scattering described by a shell contour of a more or less prescribed form, e.g. R , ( y ) = R,,(l+
P Z ( c o s y ) )
with anisotropy A = R,6 =-2(R(O) -R ( ? r / 2 ) ) / 3 , the parameters are determined directiy from a few observed quantities, as for instance tne rotationai rainbow JR(lp) = 3kA sin ff/2, where a measurement of a single rotational rainbow maximum allows a determination of the rainbow position by means of the 44% rule (see section 21.1) and hence the anisotropy parameter 6 can be determined. Some drawbacks of this method are that measuremenfi at different scattering angles 29 and different energies may produce different values of 6. The ff dependence can be cured by assuming a different functional form for the hard shell and the energy dependence can be interpreted by identifying R ( y ) with the equipotential contour V ( R, y) = E.
In any case the hard shell inversion can only provide an estimate of the anisotropic potential.
(ii) The 10s inversion suggested by Schinke V,( R), of the potential by a standard inversion technique like the Wrsov inversion, which straightforward for a monotonic potential. This isotropic potential provides the isotropic phase shifts 6; as well as the classical functional dependence e = e( ff), which is assumed to be unique. Second, the anisotropic part of the phase shift 6, = 6; + 6#7) h expanded in a suitable basis, e.g. 6;(y) = E, a,(e) where the expansion coefficients a,(!?) are computed from a least-squares fit to the available inelastic data at a fixed scattering angle 9, i.e. at a fixed e. In step three one fits the t dependence of the a,(!?) to a convenient functional form (a polynomial for small wlues of !? matched to a decaying exponential at large values). As a last step another set of Fmov inversions yields the potential V(R,y) from the phases 6!(y), where the orientation angle y is treated as a parameter. Rst calculations for
He-Na, at 0.1 eV showed satisfyina -results. The method is, however, numerically quite ivo~ved.
(iii) Another method is the deformed inverse power potential (DIPP) inversion proposed recentiy 1.561, which combines the simplicity of the hard shell inversion with an increased flexibility. The method assumes that the potential can be written in the form where RE(y) is the equipotential contour for energy E, which can be specified as
RE(y) = R E ( ] + 6P,(cos 7)
). In the region of large scattering angles the rotational rainbows for potential (47) can be obtained in closed form as JR from the observed rainbow maxima by means of (14) or the 44% rule. If this is done for at least two scattering angles the parameters D , ( E , n ) and D z ( E , n ) in (48) can calculated from their ratio, the exponent n and finally the anisotropy parameter Ex& Rr more detai!s and appIications see [56!,
5,(4)= D , ( E , n ) -D z ( E , n ) ( r -
Polyatomic molecules
The extension of the 10s of section 2.1.1 to the rotational excitation of polyatomic
We refer the reader to [75, 98-1031 and confine ourselves m ths section to an extension of the twocentre spectator model for rotational excitation to N-atomic molecules. Fbr simplicity we furthermore restrict the analysis to symmetric tops, in particular to regular planar and bipyramidal targets. We use symmetric top wavefunctions Ijkm), where j is the rotational quantum number and the quantum numbers In the present article we wnline the discussion of planar and bipyramidal molecules to transitions out of the rotational ground state l000). Work in the direction of a derivation of a generalized factorization formula k in progress, which relates the excitation of initially rotating molecules to those out of the ground state, similar to the factorization relation for diatomic molecules (35) [114] .
Planar molecules
In the case of rotational excitation of planar molecules forming a regular polygon all The rotational rainbow pattern shown in figure 15(b) is similar to the distribution of the diatomic targets but no selection rule for j exists. However, because the Legendre function Pj(0.5) is unity for j = 0 and decays to zero for j-m, for small values of j the propensity rule j % 0 , 3 , 6 , 9 , . . . is observed. 
Bipyramidal molecules
A further extension of the spectator model for linear and planar molecules to bipyramidal symmetric top molecules can be found in [105] , where the scattering centres were also assumed to be equivalent. Bipyramidal targets consist of N atoms forming a regular polygon (the ground plane) with two additional top atoms attached to both sides at the same distance from the ground plane (note that the molecule possesses N -t 2 scattering centres). Examples of bipyramidal molecules are given in tahle 1.
Using the general form factor for symmetric tops given in (51) and the results of sections 21.2 and 3.1 the spectator rotational transition probabilities are found to be WI with where d, is the distance of the top atoms and d, the distance of the ground plane atoms from the centre of mass. For bipyramidal targets the same selection rule as for planar targets of section 3.1 is valid, i.e. only for even N does the selection rule A j = even exist. 
Combined rotational-vibrational excitation
In the preceding sections the target molecule has been considered as rigid. Here we address some features of rotationally inelastic cross sections for diatomic molecules with a vihrational degree of freedom described by the intermolecular distance T . The interaction potential generalizes to V ( R , v , y) and one has to extend the dynamical approximations discussed above to include the vibration. In particular we consider the two cases of weak and strong coupling.
Let us first discuss the case of weak coupling within the rotational 10s approximation. Here a partial decoupling of the vibrational and rotational dynamics can be achieved. The vibrational degree of freedom is treated exactly by solving numerically As an example for strong vibrational coupling we discuss electron-molecule colli~a c s spectator model as discussed in section 21.2. In this case it is also possible to neglect the vibrational energy transfer to the target, which again simplifies the analysis (for an early application of this model to atom-molecule collisions with an explicit consideration of the rotational and vibrational energy transfer see where F,,m,jm(v) is the the form factor of the rigid rotor (20) for an intermolecu w umuIuw r = 'U. wrrcaprunuu~g~y Lne pruwduiiiiics P(n!jrm! t n j m j s j are proportional to 1 F,, j,m,n jm l2.
The probability for transitions out of the rotational ground state is given by the simple formula P(n'j" t nOJB) = ( and, in the case of j # 0, the factorization formula (35) can be used. Numerical results of this simple model for electron-Na, scattering at 150 eV showed good agreement with experiment [28] . The detailed rainbow structure for combined rotational- In the remainder of this section we will discuss the marginal cross sections, where the full details are not required.
First, one can be interested in the vibrational transition probabilities only by averaging over the rotation. Using harmonic vibrational wavefunctions a simple closed form result for the vibrational transition probabilites at ked scattering angle can be For transitions P(j' + j , n1.9) again the rotational factorization formula (35) can be used [112, note that there is a misprint in equation (2), where j should be replaced by , 001. The transition probabilities P ( j + 0, nl.9) show typical rotational rainbow features, which depend on the initial vibrational quantum number n, as illustrated in figur&l8 for electron-Na, collisions. Harmonic vibrational wavefunctions are used and tIe,classical rigid rotor singularity is chosen as JR = A = 20. For n = 0 the well ,@own rotational rainbow pattern with a pronounced rainbow maximum k observed. Wlth mcreasing vibrational quantum number n the maximum broadens and the rotational rainbow oscillations are quenched, similar to the observations for atom-molecule collisions as shown in figure 17. This can be directly understood by looking at (65), which can be interpreted as an incoherent superposition of rigid rotor contributi6Y weighted by the radial probability density. The broadening of the vibrational wavefunction with increasing n leads to a broadening of the rainbow maximum and the integration quenches the rainbow oscillations. 
Concluding Femarks
In the present review article we have presented a detailed discussion of various features of rotational rainbow structures in state-to-state cross sections for atom/electron collisions with molecules. It has been emphasized that under sudden conditions amazingly simple models can be constructed allowing a very precise description of experimental results.
Of course, many important features have been only touched upon or not considerd at all, such as:
(i) the modifications of rotational rainbow structures for anisotropic interaction potentials with a potential well;
(ii) the manifestation of rotational rainbows in integral cross sections;
(iu) the approximate treatment of the energetic inelasticity ( k j , # kj # k);
(iv) the possible application of the spectator model or the impulse approximation (v) the range of validity of the simple dynamical models and their possible im-(vi) the existence of rainbow features in the vibrational distributions, i.e. the (vu) rotational rainbow structures for initially excited symmetric top molecules; (vui) the experimental observation of rotational rainbow effects for plyatomic target molecules. Some of these problems have been solved to some extent hut many questions are still open and may be answered in future studies. 
